We formulate a systematic algorithm for constructing a whole class of PTsymmetric Hamiltonians which, to lowest order of perturbation theory, have a Hermitian analogue containing a position-dependent mass. The method is applied to the PT -symmetric cubic anharmonic oscillator. A new example is provided by a PT -symmetric extension of the one-parameter trigonometric Pöschl-Teller potential.
has been identified as one of the necessary and sufficient conditions for this situation to occur [2] . Any Hamiltonian endowed with such a property is then equivalent to a Hermitian one
where the similarity transformation is implemented by ρ = √ η + . Further, to any observable o and to any wavefunction ψ(x) = x|ψ in the Hermitian theory described by h, one can associate an operator O = ρ −1 oρ and a wavefunction Ψ(x) = x|ρψ in the (physical)
pseudo-Hermitian theory, respectively.
Very recently, Jones [3] and, independently, Mostafazadeh [4] constructed the Hermitian analogue h, as well as the pseudo-Hermitian position and momentum operators X = ρ −1 xρ,
. The latter, which has been shown both numerically [1] and mathematically [5] to have a real, positive and discrete spectrum, can only be treated in perturbation theory [6] .
A very interesting outcome of [3] and [4] is that to lowest order such a system describes an ordinary quartic anharmonic oscillator with real and positive coupling constants but a position-dependent mass (PDM).
In view of the recent interest in the Hermitian PDM Hamiltonians (see [7] and references quoted therein), we wish here to generalize the approach of [3] and [4] by determining under which conditions a general PT -symmetric Hamiltonian
(or a subset of it) may have a Hermitian counterpart
which to lowest order in ε reduces to some PDM Hamiltonian, i.e.,
eff (x) and
eff (x) ∈ R. It should be noted that the right-hand side of (4) only contains even powers of ε because the coefficients of odd powers have been shown to vanish [3, 4] , while the right-hand side of (5) is the most general expression of Hermitian PDM Hamiltonians [7] . The latter is written in terms of an effective potential V eff (x) including some mass terms depending on two ambiguity parameters, which take the noncommutativity of the momentum and PDM operators into account [8] .
It proves convenient to introduce dimensionless quantities defined by
eff (x) (6) in terms of some length and energy scales, ℓ and ν = 2 /(m 0 ℓ 2 ). Note that in (3), (4) and (5), ε is also dimensionless, as well as M (2) (x).
In [3] and [4] (see also [6] ), it has been shown that for the positive-definite metric operator η + , one may take
where every (1) and (2) lead to the two conditions
which in the case of (3) and (5) amount to
eff (x).
For Q 1 , let us choose a general ansatz somewhat different from those previously considered:
By expressing p as −id/dx and using the commutation relation
Q 1 can be written in normal form, i.e., with all functions of x on the left of the differential operators, as
where
for k = 0, 1, 2, . . . .
On inserting (13) in (9) and (10) and employing (12) again, we find after some straightforward calculations that equation (9) is equivalent to the conditions 1 2
while equation (10) leads to
To be able to solve the general equations (15)- (20), it is appropriate to make some simplifying assumption. Inspired by the example of the PT -symmetric cubic anharmonic oscillator considered in [3, 4] , where Q 1 only contains linear and cubic powers of p, let us assume that R k (x) = 0, k = 2, 3, . . . , in equation (11). It then follows from (14) that only the first four functions S k in the expansion (13) may be nonvanishing and that they are given in terms of R 0 , R 1 , and their derivatives by
Let us first solve equations (15) and (16). In the latter, k is now restricted to k ≤ 4.
For k = 4, we obtain that S 3 must be a constant, this implying that
Hence the remaining nonvanishing S k 's are
From equation (16) with k = 2, we get
where c 0 is another integration constant, while the equations with k = 1 or k = 3 are automatically satisfied. Equation (15) then provides us with a condition on V (i) ,
Let us next turn ourselves to equations (17)-(20). It is easy to see that only equations
(17) and (19) impose some new conditions, namely
eff (x) =
where V (i) (x) must be expressed in terms of V (r) (x) through equation (24). This completes the solution of equations (9) and (10).
It is then straightforward to go back to x, p and unscaled operators. This leads to the The η + -pseudo-Hermitian position and momentum operators X and P , as well as the physical wavefunctions Ψ(x), can be calculated in the same way as h. To second order in ε, the pseudo-Hermitian operators are given by
For the dimensionless operators, we find
where T k and U k are defined by
with
Similarly, the physical wavefunctions can be expressed as
where Q 1 is given by (13) and
With the simplifying assumption (22) and taking equations (23) and (26)- (32) into account, we obtain
and
It is easy to check that, as expected, the PT -symmetric cubic anharmonic oscillator belongs to the class of PT -symmetric Hamiltonians with a Hermitian PDM counterpart.
On setting V (r) (x) = 
Furthermore, from equations (25), (33) and (34),
eff (x) = (3m 0 µ 2 
on the interval − 
